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Abstract. This paper gives a map from the set of famihes of arcs 
on a variety to the set of valuations on the rational function field 
of the variety We characterize a family of arcs which corresponds 
to a divisorial valuation by this map. We can see that both the 
Nash map and a certain McKay correspondence are the restrictions 
of this map. This paper also gives the affirmative answer to the 
Nash problem for a non-normal variety in a certain category. As 
a corollary, we get the affirmative answer for a non-normal toric 
variety. 
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1. Introduction 

In [19], Nash introduces the Nash map which associates a family of 
arcs through the singularities on a variety (this family is called a Nash 
component in this paper) to an essential divisor over the variety. In 
other word, Nash map is a correspondence between the set of certain 
families of arcs and the set of certain divisorial valuations. 

On the other hand, L. Ein, R. Lazarsfeld and M. Mustafa ([4]) in- 
troduce a map from the set of irreducible cylinders for a non-singular 
variety to the set of divisorial valuations. 

In this paper, we introduce a map from the set of fat arcs to the set 
of valuations. Here, a fat arc is an arc which does not factor through 
any proper closed subvarieties. This map is a generalization of Nash 
map and the map by Ein, Lazarsfeld and Mustafa. We can see that 
some fat arcs correspond to divisorial valuations and the others to 
non- divisorial valuations. Here, we determine the fat arcs which cor- 
respond to divisorial valuations. By this characterization we obtain 
many examples corresponding to divisorial valuations including Nash 
components and cylinders in the arc space of a non-singular variety. As 
a cylinder and a Nash component are of infinite dimension, one may 



^partially supported by Grand-In-Aid of Ministry of Science and Education in 
Japan 

^Mathematics Subject Classification 2000: Primary 14J17, Secondary 14M25 

1 



2 



SHIHOKO ISHII 



have an impression that an arc corresponding to a divisorial valuation 
should be of infinite dimension. But our characterization gives many 
finite dimensional families of arcs which correspond to divisorial valu- 
ations. Another example is the arc determined by a conjugacy class of 
a finite group G which gives the quotient variety X = C^/G ([3]). The 
restriction of our map onto a subset of these arcs coincides with the 
"McKay correspondence" constructed in [11]. 

This paper also study the Nash problem which asks if the Nash 
map is bijcctive. This problem was posed in Nash's preprint in 1968 
(This preprint was published later as [19]). Inspired by this preprint, 
many people studied the arc spaces of singularities and divisors over 
the singular varieties (see, Bouvier [1], Gonzalez-Sprinberg [7], Hickel 
[8], Lejeune-Jalabert [13], [14], [15], Nobile [20], Reguera-Lopez [21]) 
Then, affirmative answer for the Nash problem is obtained for a mini- 
mal 2-dimensional singularity by Reguera-Lopez [21]. For non-minimal 
2-dimensional singularities, we do not know the answer of the Nash 
problem even for a rational double point (Recently the author was in- 
formed that a French mathematician proved the affirmative answer for 
a rational double point). Last year, for a normal toric variety of ar- 
bitrary dimension the Nash problem is affirmatively answered but is 
negatively answered in general in [10]. Though there is a counter ex- 
ample for the Nash problem, it is still an interesting problem to clarify 
in which category the Nash problem is affirmatively answered. For ex- 
ample, this problem is still open for 2 and 3 dimensional singularities 
as the counter examples in [10] are normal singularity of dimension 
greater than or equal to 4. For non-normal singularities, nothing is 
known about the Nash problem. In this paper, we give the affirmative 
answer to the Nash problem for a non-normal singularity in a certain 
category. As a corollary, we obtain that for a non-normal toric variety 
the Nash problem is affirmative. 

This paper is organized as follows: In the second section, we give the 
basic notions of fat arcs. The map from the set of fat arcs to the set 
of valuations is given here. 

In the third section, we give a characterization of a fat arc which cor- 
responds to a divisorial valuation. Some examples including a cylinder 
on a non-singular variety are shown. The "McKay correspondence" in 
[11] also appears as an example. 

In the fourth section, we give the basic notions of the arc space of a 
toric variety, which are used in the following section. 

In the fifth section, we define a pretoric variety and prove that the 
Nash problem is affirmative for a pretoric variety. As a non-normal 
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toric variety is a pretoric variety, the Nash problem is affirmative for 
this. 

Throughout this paper, the base field is the complex number field 
C. A variety is an irreducible reduced scheme of finite type over C. 
A valuation is always a discrete valuation and a valuation ring is a 
discrete valuation ring. 

The author would like to thank Professors Mircea Mustafa and K-i. 
Watanabe for the stimulating discussions and valuable comments. She 
is grateful to Professor Hironobu Maeda for providing with informa- 
tion on valuation rings. The author is also grateful to the members 
of Singularity Seminar at Nihon University for useful suggestions and 
encouragement . 

2. The valuation associated to a fat arc 

Definition 2.1. Let X be a scheme of finite type over C and K D C 
a field extension. A morphism a : Spec K[[t]] — > X is called an arc of 
X. We denote the closed point of Spec K[[t]] by and the generic point 

by rj. The image a(0) of the closed point is called the center of the arc 
a. The transcendence degree of K over C is called the dimension of an 
arc a. Denote the space of arcs of X by X^o- 

If X is an affine variety, the space X^o of arcs of X is a closed sub- 
scheme of SpecC[a;i, a;2, ... .], where C[xi,X2, . . . .] is the polynomial 
ring over C with countably infinite number of variables. For a scheme 
X of finite type over C, the arc space X^o is characterized by the fol- 
lowing property: 

Proposition 2.2. Let X be a scheme of finite type over C. Then 

Homc(y,X^) ~ Homc(yxspeccSpecC[[i]],X) 

for an arbitrary C-scheme Y , where F XspcccSpec C[[t]] means the for- 
mal completion of Y XspecC SpecC[[i]] along the subscheme Y XspecC 
{0}. 

2.3. By thinking of the case Y = Specif for an extension field K 
of C, we see that i^T- valued points of X^o correspond to arcs a : 
Spec K[[t]] — )■ X bijectively. Based on this, we denote the K-valued 
point corresponding to an arc a : Spec iff [i]] — > X by the same sym- 
bol a. The canonical projection X^o — ^ X, a t— > a{0) is denoted by 
TTx- If there is no risk of confusion, we write just vr. 

A morphism ip : Y — > X of varieties induces a canonical morphism 
(Poo ■ Yoo — -'^oo, (poa. 

The concept "thin" in the following is first introduced in [4] . 



4 



SHIHOKO ISHII 



Definition 2.4. Let X be a variety over C. We say an arc a : 
S-pecK[[t]] — )• X is thin if a factors through a proper closed sub- 
variety of X. An arc which is not thin is called a fat arc. 

An irreducible subset C in X^ is called a thin set if C is contained 
in Zoo for a proper closed subvariety Z G X. An irreducible subset in 
Xoo which is not thin is called a fat set. 

In case an irreducible subset C has the generic point 7 G C (i.e., the 
closure 7 contains C) , C is a fat set if and only if 7 is a fat arc. 

Proposition 2.5. Let X be a variety overC and a : Specir[[t]] — > X 

an arc. Then, the following hold: 

(i) a is a fat arc if and only if the ring homomorphism a* : Ox,a{o) ~ 
K^t]] induced from a is infective; 

(ii) Assume that a is fat. For an arbitrary proper birational mor- 
phism </? : Y — > X, a is lifted to Y . 

Proof. As the problems are local, we may assume that X = Spec A for 
a C- algebra A. 

(i) . An arc a : Speci^[[t]] — > X does not factor through any 
proper closed subvariety of X if and only if the generic point rj of 
Speci^[[t]] is mapped to the generic point of X. This is equivalent to 
the injectivity of a* : ^4 — )• K[[t]\ and also equivalent to the injectivity 
of a* : OxMo) ^ K[[t]]. 

(ii) . Let (f : Y — > X be a proper birational morphism. If the image 
a{r]) is the generic point of X, it is in the open subset on which ip is 
isomorphic. Therefore, the restriction Spec K{{t)) — X of a is hfted 
to Y. Then, by the criterion of properness, a is hfted to Y. □ 

Definition 2.6. Let a : Spec if [[t]] — X be a fat arc of a variety 
X and a* : Ox,a{o) — K[[t]] the ring homomorphism induced from 
a. By 2.5, (i), a* is extended to the injective homomorphism of fields 
a* : K{X) — > K{{t)), where K{X) is the rational function field of X. 
Define a function Va ■ K{X) \ {0} — Z by 

Vaif) = ordt «*(/). 

Then, Va is a valuation of K{X). We call it the valuation corresponding 
to a. 

Proposition 2.7 (Upper semicontinuity). For a regular function f on 
a variety X, the map X^o — > Z>o, a 1— > Va{f) is upper semicontinuous, 
i.e., for r e Z>o the subset Ur — {ck & X^ \ Va{f) < r} is open. 

Proof. We may assume that X is an affine variety Spec74. Let X^o 
be Spec74oo and let A* : A — > Aoo[[t]] be the ring homomorphism 
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corresponding to the universal arc XqoX SpecC[[t]] — > X of X. If we 
write A*(/) — ao + ait + a2t'^ + ■ ■ ■ with e A^, then X^o \ Ur is the 
closed subset defined by Oq = Oi = . . . = = 0. □ 

Definition 2.8. Let X be a variety. We say that D is a divisor over 
X if there is a proper birational morphism Y — > X from a normal 
variety F to X and D is an irreducible divisor on Y. 

Definition 2.9. A fat arc a is called a divisorial arc if Va = gvalu, 
where q E N and val^ is the valuation defined by an irreducible divisor 
D over X. Assume that a fat set has the generic point. Then the fat 
set is called a divisorial set if the generic point is a divisorial arc. 

Proposition 2.10. For a fat arc a of a variety X of dimension n, the 
following are equivalent: 

(i) a is divisorial; 

(ii) There is a proper birational morphism Y — > X from a normal 
variety Y such that the center (5(0) of the lifting a of a to Y is 
the generic point of a divisor on Y ; 

(iii) Identifying K{X) with the subfield of K{{t)) by a*, we denote 
K[[t]]nK{X) by R and {t)nK{X) bym; Then the transcendence 
degree trdeg^ R/m = n — 1. 

Proof Assume (i), then Va = qvalo for g G N and a divisor D on Y, 
where Y is normal and there is a proper birational morphism Y — > X. 
Let a is the lifting of a to F. Let 5 E Y he the generic point of D, 
then, by Va — qya^D, we have that 

ordt a*f>0 for every / e Oy,s and 

ordta*/ > for every / G mY,5, 
which means that the field homomorphism a* = a* : K{X) = K{Y) — i 
K{{t)) gives a local homomorphism Oy,s — ^ -^[M]- Hence, a{0) = 5 
as required in (ii). 

Assume (ii), then a induces an injective local homomorphism Oy^s — 
where S is the generic point of the divisor over X. Then R/m. D 
Oy^s/^y^s, where the transcendence degree of the right hand side over 
C is n — 1. Therefore, trdegc-R/tn must be n — 1. 

Assume (iii), then by Zariski's local uniformizing theorem ([22], see 
also [23, II, §14, Theorem 31]) there is a divisor D over X such that 
R = Oy,5, where S is the generic point of D. Since the valuation rings 
of Va and val/j are the same, it follows that Va = qyalo for some g G N, 
which implies (i). □ 

Proposition 2.11. For every divisor D over a variety X and every 
g G N; there is a fat arc a G X^o of X such that — qvelo- 
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Proof. Let (p : Y — > X be a proper birational morphism such that D 
is a divisor on a normal variety Y. Let 5 be the generic point of D. 
Replacing X by an affinc open neighborhood of ip{5), we may assume 
that X is affine variety Spec A. Then, there are injections: 

A ^ Oy,s 6^,s K[[t]], 

where ^ is the completion by the maximal ideal and K is the residue 
field of the local ring Oy,5- Composing these maps and the homomor- 
phism K[[t]] — > K[[t']], 1 1— >• t"^, we obtain an arc a' : Spec -ftr[[t']] — > 
X — Spec A. It is easy to see that Va' — gvalu- Then, just take an 
image of a' : Specif — > X^ as a required a. 

□ 

Example 2.12. Let X = and a : SpecC[[t]] — > X the arc defined 
by the ring homomorphism a* : C[x, y] — > C[[t]], xi— yi-^e* — 1 = 
t + + t^/3\ + . . .. Then a is an arc of X with the center at 0. 
As a* is injective, the arc a is fat by Proposition 2.5. But it is not 
divisorial, because R/m defined in (iii) of Proposition 2.10 is contained 
in C[[t]]/(t) = C. 

Example 2.13 (A cyhnder on a non-singular variety [4]). Let X be a 

non-singular variety and C C X^o an irreducible cylinder. The paper 
[4] defines a valuation vale of K{X) corresponding to C and proves 
that vale is a divisorial valuation. It is easy to see that this valuation 
vale is the same as our valuation v^, where 7 is the generic point of 
C. In the next section, we will see another proof for the fact that is 
divisorial. 

Example 2.14. Let (f : Y — > X be a resolution of the singularities of 

X. Let E be an irreducible divisor on Y. Let f3 be the generic point of 
an irreducible closed subscheme 7rY^{E) C Foo- Then, (3 is the lifting 
of q; = (fiooiP) to Y and /9(0) is the generic point of E. Therefore, by 
Proposition 2.10, a e Xoo is a divisorial arc. Actually it follows 

Va = vale . 

To see this, let Va = gval^ and 7 G X^o be an arc such that = valg 
(Proposition 2.11). Then, the hfting 7 of 7 to F should have center 
7(0) at the generic point of E. Therefore 7 G 7rY^{E). As 7 is contained 
in the closure of j3, it follows that Va{f) = Vd{f) < Vj{f) = v^{f) for 
every / G Oy,e by upper semicontinuity, where e is the generic point of 
E. This yields q^l. 

Example 2.15 (Nash components, a special case of Example 2.14). 
Let X be a variety and SingX the singular locus of X. An irreducible 



ARCS, VALUATIONS AND THE NASH MAP 



7 



component C of Ti^{^m.gX) is called a Nash component if C is not 
contained in (SingX)oo. (In [10] a Nash component is called a "good 
component".) By [10, Lemma 2.12] every irreducible component of 
7r3^^(SingX) is a Nash component if the base field is of characteristic 
zero. Noting that our base field is C, let Ti^{Sm.gX) = UiQ be the 
decomposition into Nash components. Let cp : Y — )• X be a resolution 
such that (f is isomorphic outside of SingX and (f~^{SmgX) is a di- 
visor. Let (/9~^(SingX) = [jj Ej be the decomposition into irreducible 
components. Then (poo '■ iJj T^y^iEj) — * UjCi is bijective outside of 
(SingX)oo. Hence, for each Cj there is unique Ej such that ny'^^Ej) is 
dominant to Cj. Therefore, the generic point P of nY^{Ej) is mapped 
to the generic point a of Cj by the morphism (p^. In [19] Nash proved 
that this Ej is an essential divisor over X (for the proof see also [10, 
Theorem 2.15]). This map 

J\f : { Nash components } — > { essential divisors over X}, Ci ^ Ej 

is called Nash map and Nash problem is the problem if this map is 
bijective. By the discussion in Example 2.14, it follows that Va — val^^.. 
Hence, a Nash component is divisorial and our correspondence between 
fat arcs and the valuations gives the Nash map. 

Example 2.16. Here, we use the notation and terminologies of [5]. Let 
M be the free abelian group Z" (n > 1) and N its dual Hom2(M, Z). 
We denote M (g)z M and iV ®z R by Mr and Nr, respectively. The 
canonical pairing { , ) : NxM — > Z extends to ( , ) : x Mr — > R. 
A cone in generated by . . . , v„ e is denoted by {vi, . . . , 
The group ring C[M] is generated by monomials (m G M) over C. 
Let X be an afiine toric variety defined by a cone a in N. In [9], for 
V & a n N wc define 

Too(yV) = {a G I a{r]) G T, ordta*(a;") = {v,u) for u G M}, 

where T denotes the open orbit and also the torus acting on X. Then, 
Too(v) is a divisorial fat set corresponding to Dy, where, for the maximal 
q eN such that v/q E N and Dy means the divisor q{orb'R>ov). This 
is proved as follows: The paper [9] proves that Too{v) is irreducible and 
locally closed. Let a be the generic point of Too(v). Let 7 G X^o be 
a divisorial arc corresponding to Dy (Proposition 2.11). Then, by the 
definition of Too(f ), for m G fl M 

t;„(a;") = ordta*(a:'') = {v,u) = vab^(x") = v-y(x"). 

For a general f E C[a^ D M] we have that 

Vaif) = ordtQ;*(/) > min('t;,ii) = valD„(/) = Vj{f). 
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Here, G / means that the coefficient of a;" of / is not zero. 

On the other hand, since 7 belongs to T^(v) whose generic point is 
a, it follows that Va{f) < Vj{f) for every / e C[(T^ fl M] by upper 
semicontinuity. Therefore, Va — Vj — val/j^. 

In particular for a primitive v e cr n we obtain the following which 
will be used later in this paper. 

Lemma 2.17. Let X be an affine toric variety defined by a cone a in 
N and if : Y — > X be an equivariant resolution of the singularities 
of X. Let D he an irreducible invariant divisor on Y corresponding to 
V & ad N. Then the following closures coincide: 



Proof. It is sufficient to prove that the generic point of each hand side 
is contained in the other hand side. Let a be the generic point of 
Voo{'^Y^{D)). Then, by Example 2.14 



for a regular function / on X. Hence, in particular, ordt a*{x^) = (f , u) 
for u e cr^nM, which implies a G Too{v), as a^flM generates the group 
M. Conversely, if a is the generic point of T^{v), a is a divisorial arc 
corresponding to D by [9, Proposition 5.7]. Let a be the lifting of a to 
Y. Then, by Proposition 2.10, a{0) is the generic point oiD. Therefore, 
a G 7ry^(D), which yields that a — </?oo(<5) £ 'foo{'^Y^{D)). □ 



In this section, we characterize a divisorial arc. For this we start with 
a simple lemma. We note that this lemma follows immediately from 
Corollary 1 of [23, VI, §6], when both R,R' in the statement of the 
lemma are valuation rings. 

Lemma 3.1. Let K D K' be an algebraic extension of fields. Let R and 
R! be valuation rings in K and K' , respectively. Denote the maximal 
ideals of R and R' bym andm', respectively. Assume that R dominates 
R' . Then the field extension R/mD R'/m' is algebraic. 

Proof. Let v' be a valuation whose valuation ring is R'. Let / be an 
arbitrary element of it!/m and / G i? an element corresponding to /. 
Then, there is an equality 



ordt a* if) = vab(/) 




3. A CHARACTERIZATION OF A DIVISORIAL ARC 



On/" + 



r-^ + .. + ao = 0. 
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with ttj G R' {j = 0,... ,n). Let v'{ai) = minj=o,...,ni^'(%)- Put 
bj — a'^Qj for j = 0, .., n. Note that bj e R' for all j and bi — 1. Then 
we obtain the equality in R/m: 

bj^ + bn-lf^~' + . . . + b^ ^ 0, 

which is an algebraic equation of / over R'/m'. □ 

Lemma 3.2. Let X and X' be varieties of the same dimension with a 
dominant morphism </? : X — > X' . Let K D K' be a field extension. 
Assume there exists a commutative diagram of arcs 

Spec K[[t]] X 

Spec K'[[t]] ^ X'. 
Then, a is divisorial if and only if a' is divisorial. 

Proof. Let R = K[[t]]nK{X) and R' = K'[[t]]r]K{X') and let m and m' 
be the maximal ideals of R and R', respectively. Then R dominates R'. 
Since K{X) is algebraic over K{X'), the field extension R/mD R'/m' 
is algebraic by Lemma 3.1. Therefore, trdegc-R/tn = n — 1 if and 
only if trdegc R'/m' — n — 1. Then, by Proposition 2.10 we obtain the 
assertion. □ 

Lemma 3.3. Let K D K' be a field extension and fi = J2j o-ijt'' = 
1, . . . ,s) elements of K[[t]]. Assume that for each i {i = 1, . . . ,s) there 
is ji such that ay-^, a2j2, • • • , Osj^ ^'^^ algebraically independent over K' . 
Then, by changing the numbering of {i}, for each i we have U such 
that oiij , 02^2 , • • • , cisis o,re algebraically independent over K' and the 
following hold: 

(1) aij G K' for every j < li; 

(2) a2j G K'{aiiJ for every j < h; 

(s) Qsj G K'{aii^, ■ ■ ■ 1 Os-i/^_i) for every j < Is, where K'{*) means 
the algebraic closure of K'{*) in K. 

Proof. First we define a partial order < in Z>o as follows: 

. . . , 6s) < ■ ■ ■ , b's) if h < 6- for every i. 

Let {li, . . . , Is) be a minimal element in 

Ms = {{ji,... ,js) I aiii, a2j2> ■■■ , 
are algebraically independent over K'}. 
Let Ai = {uij I j < li}. Then, every Uij G Ai is an element of 
K'{aii^, ■ ■ ■ 1 O'sis)- Indeed, if a^j G A^ was transcendental over K'{aii^, ■ ■ ■ , 
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then (/i, .., j, /j+i, .., Is) would be a smaller element than (/i, .., /j, /j+i, .., Z^) 
in Ms, which is a contradiction to the minimality of {h, . . . , Is)- Let 
Bi C {ai;^, . . . , Os/^} be a minimal subset such that Ai C K'{Bi). We 
prove by induction on s that these /j's are required in our lemma. 

(1) The case s = 1. By the minimality of /i, every element aij G Ai 
is algebraic over K'. 

(II) The case s >2. Assume the assertion for s — 1. By changing the 
numbering of {i}, let attain miuj We can see that (^2, ■ ■ ■ ,ls) 
is a minimal element in 

Ms-i = {(j2, • • • ,js) I a2j2! a3i3 5 • • • , 
are algebraically independent over K'^au-^)}. 
Indeed, if {j2, ■ ■ ■ ,js) was a smaller element than {I2, ... ,ls) in Ms_i, 
then (/i, j2, • • • , is) would be a smaller element than (/i, /2, • • • , ^s) in 
Ms, which is a contradiction to the definition of {li, h, ■ ■ ■ , h)- 
Then by the hypothesis of induction, we obtain 

(2) A^c lCM, 

(3) A3G K'{au„a2i,), 

(s) As C K'{aii^,a2i2, ■■,as-ii,_-,). 
By this, we can see that #^2 < 1- Hence, by the minimality of 
we have #-Bi < 1. If #_Bi = 0, then the proof is over. 

Assume i^Bi = 1 and induce a contradiction. Let I — {i \ H^Bi — 1} 
and assume / = {1, 2, .., r} (r < s). 

Letting B^ {i G /) play the role of Bi, we carry out the above dis- 
cussion. Then, we have the inclusion Ao-(i) C K'{aii^) corresponding to 
(2) for some a{i) G /. This map a : / — > I is bijective. Indeed, if 
a{i) = a{i') for i ^ i', it would follow C K'{au,) H K'{ai'i^,) = 'K', 
which contradicts to the minimality of = 1. For every i E I, 

take an element aj^. G A^ such that Ojfc. G K'{ai'i.,) \ K', where 
i' = cr~"^(i). Then, aifc^, .., a^jt^, a^+iz^+i, .., Osi, are algebraically inde- 
pendent over K' and (/ci, .., /c^, Wi? ^s) < {h, --jlrjlr+i, --Js), which 
is a contradiction. □ 

Lemma 3.4. Let K be a field. For every element f G K[[t]] of order 
d > 0, there exists an algebraic field extension L D K and an element 
t' G L[[t]] such that L[[t]\ = L[[t']] and f = t"^ m L[[t']]. 

Proof. Let / = aaf^ + a^+it'^'^^ + . . . (fld, fld+i, • • • ^ K). Let L be the 
extension field of K by adding the roots of an equation X'^ — = 0. 
Put t' = bit + 62^^ + ■ ■ - Then the equation aaf^ + aa+it'^'^^ + ... ^ 
{bit + 62^^ -I- . . . has a solution bi, 62, ■ ■ ■ in L. □ 
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Definition 3.5. The extension L[[t']] D K[[t]] in Lemma 3.4 is called 
a canonical extension with respect to f. 

Theorem 3.6. Let a : Speci^r[[t]] — >• X be a fat arc of a variety X 
of dimension n and e — q;(0). Let a* : Ox,e — ^[[tW be the ring 
homomorphism corresponding to a. Let the codimension of the closure 
{e} be r > 2. Then the following are equivalent: 

(i) a is divisorial: 

(ii) There exist xi, . . . ,Xr € ntx.e such that, for a canonical exten- 
sion L[[t']] D K[[t]] with respect to a*{xr), we have a*{xi) — 
T,j>ki (^ijt'^ "^ith a set of coefficients aii^,a2i^, ... , a^-ii^.i (k > 
ki) which are algebraically independent over K' — Ox,e/^x,e, 
where mx,e is the maximal ideal of Ox,e (^nd we regard K' as a 
subfield in K by a*. 

Proof. First we may assume that X is affine. 

(i)=^(ii). By Noether's normalization lemma, there is a finite domi- 
nant morphism from X to a non-singular variety of dimension n. Then, 
by Lemma 3.2 we may assume that X — = SpecCfxi, ..,Xr, ..,Xn\ 

and xnx,e is generated by r-elements xi, . . . , Xr- Then, K' = Ox,e/'^x,e = 
C{x r+i, .jXn). Let L[[t']] D K[[t]] be a canonical extension with respect 
to a*{xr) = f^. Then, the arc a' : SpecL[[t']] — > X induced from a 
is lifted as 

i_ 

a' : Spec L[[t']] — > X' = Spec C[a;i, ., Xr-i, Xr ,Xr+i, ., Xn] 

and this is divisorial by Lemma 3.2. Hence, there are a divisor D over 
X' and a local homomorphism a'* : Oy,s — ^ -^[[^']]! where Y D D and 6 

is the generic point of Since a'*{xr) = t' , it follows that my.5 = {xr). 

h. 

Write Xi = x/ Ui for a unit Ui in Oy^s- Here we note that a^j's are 

coeflicicnts of a'*{ui). Assume aij G K' for all i,j, where K' is the 

1 

algebraic closure of K' in L. Then, L[[t']]r\K'{ui, .., Ur-i, x^) C K'[[t']] 
which yields 

m'W n K(Y)) I at') n K{Y)) c Tc[[t']]/{t') = W. 

Therefore 

trdegc(L[[i']] n K{Y))/{{t') n K{Y)) ^ n - r < n - 1, 

which is a contradiction to Proposition 2.10. Hence, there exists a^j 

transcendental over K'. Let it be an^ and assume that aij e K' for 

_i 

j < li. Let Ri :— L[[t']\ fl K'{ui, Xr) and rrii the maximal ideal. Then, 
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L[[t']]/{t') D -Ri/mi = K'{aii^). This is proved as follows: Let 



then K'{ui,Xr) — K'{u[,Xr). As u[{mod mi) = aij^, it follows that 

-Ri/rrii D ir'(ai/J. To prove the opposite inclusion, take an element 

1 1 

h{u[,Xr) /g{u[, Xr) G -Ri, then the leading coefficients of a'*{h) and 
ct'*{g) are in fC'[ai/J. Therefore the leading coefficient of a'*{h/g) is in 
K'{aii-^), which shows that the class /^/(yf G i?i/mi is in K'{aii^). 
Next, assume that a-y G A''(ai/J for every i > 2, and j. Then, 



{L[[t']] n n k{y)) c i^'(ai,J[M]/(0 = 



which is a contradiction to Proposition 2.10. Hence, there exists aij 
{i > 2) transcendental over K'^anJ. Let it be a2i2- By continueing 



this procedure, we obtain finally Rr-i = L[[t']] fl K'{ui, ..,Ur-i,Xr) 
and Rr-i/vXr-i = K'{aii^, .., a^-iz^.J, with au^,.., a^-u,.! algebraically 
independent over K'. 

(ii)^(i). Let X be of dimension n. We identify K{X) with the 
subfield of K{{t)) by the field homomorphism a* induced from a. Let 
R — K[[t]]nK{X) and m be the maximal ideal of R. Then, by Lemma 
2.10 it is sufficient to prove that trdeg^ R/m > n — 1. As trdeg^ K' = 
n—r, it is sufficient to prove that trdeg^^; R/m > r — 1. By a*{xr) = t"^, 
there is a ci-th root y of Xr such that a* : K{X) — > K{(t)) is lifted 



as a* : K{X){y) — > L{{t')) with y ^ t'. Let R = L[[t']] f] K{X){y) 



and tfi the maximal ideal of R. Then, by Lemma 3.1, it is sufficient to 



By the assumption of (iii) and Lemma 3.3 may assume that 

(1) aij G K' for every j < li, 

(2) a2j G K'{aii,) for every j < 

(r - 1) ttr-ij G K'{aii^, ■■■ , ar-2Z,_2) for every j < Ir-i, 

Then identifying an element of K{X){y) with the element in L{{t')) by 

a*, we have 



{ui - aijX^)/x/ , 



Therefore 



trdegc(L[[t']] n K{Y))/{{t') n K{Y)) =n-r + l<n-l, 



prove trdeg^, R/m> r — 1. 



(3.6.1) 




,^1-1 



— oii^ +ai;^+ii' + aii^+2^' +... . 
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The left hand side is in Ri := K{X){y,aikj^, ■jO'ih-i) H -^[[^']]- Let the 
maximal ideal of Ri be mi. Then, since -Ri/trii = i?/fh.(aijfc^, .,ai;^_i), 
it!i/mi is algebraic over R/xh. The right hand side of (3.6.1) shows that 
aizi e i?i/mi. 
Next, we obtain 

(3.6.2) = a2i2+a2i2+it +0^+2^ +. . . . 

The left hand side is in R2 := fC(X)(|/, ai^^, ., ai/^_i, a2fe2, •, 02/3-1) l~l 
L[[i']]. As R2/m2 = i?i/mi(a2fc2, ., 02/2-1), this is algebraic over i?i/mi. 
The right hand side of (3.6.2) shows that 02/2 £ R2/vx2- By these 
successive procedure, we obtain a sequence of algebraic extensions of 
fields: 

R/m C Ri/mi C .. C Rr-i/mr-i, 

with aiij^, .,ar-Ur-i ^ -Rr-i/Trir-i- Therefore trdeg^/ i^r-i/trir-i > r — 1, 
which implies trdeg^/ R/m > r — 1. 

□ 

Corollary 3.7. Let a : SpecK[[t]] — > X be a fat arc of a vari- 
ety X and e the center q;(0) of the arc a with codimx {e} = r. Let 

a* : Ox,e — ^ -^[M] ^6 the local homomorphism corresponding to a. 
Assume that there exist xi, ... ,Xr E mx,e such that, fori = 1, . . . , r—1, 
we have a*{xi) = J2j hjt^ with a set of coefficients bu-^, 62/2, • • • , K-iir-i 
which are algebraically independent over K'{brj {j < d+max{/j}), bij{j < 
li,i = l,.,r - 1)), where K' = Ox,e/tTix,e and a*{xr) = T,j>dbrjt^ 
{brd 7^ 0) . Then, a is divisorial. 

Proof. Let -C/[[t']] D K[\t\\ be a canonical extension with respect to 

a*{xr) = J2j>dbrjt-' ■ If we write t = cit' + C2t'^ + . . ., then G 

'C{brj \ j < d + k), where * is the algebraic closure of * in L. If we write 

o:*{xi) = J2j aijt'\ then au^ = biiJ{+di, where di e C{brj {j < d + li),bij {j < k)). 

By the assumption on bn^, .., 6r-i/^_i, the coefficients au^, .., ar-ii^_^ are 

algebraically independent over K'{brj {j < d + max{Zj}), 6jj {j < li,i — 

1, .., r — 1)), and therefore algebraically independent over K'. Then, wc 

can apply Theorem 3.6. □ 

The following example shows a finite dimensional divisorial arc. 

Example 3.8. Let K = C(ai,..,a„), where algebraically 
independent over C. Let a : Speci^[[t]] — > = Spec C[xi, .., 
be an arc defined by a* : C[xi, ..,Xn] — > -^[M], ^ aif"*. Then, 
by Corollary 3.7 a is a divisorial arc. We can also see that the cor- 
responding divisorial valuation is a toric valuation vbId^, where v — 
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{vi, . . . ,Vn)- To show this, we use the notation and terminologies in 
[5] (see also Example 2.16). First for a monomial {u — (iti, £ 
(7^ n M), it follows orda*(a;") = {v,u) — val£)„(a:"). Here, a is the 
positive octant in defining the toric variety A^. For an element 
J^u^uX^ G C[a;i, ..,Xn], it is clear that 

(3.8.1) orda*(X;?^«^") > min(^;,M) = vab,(^6„a:"). 

If the equality in (3.8.1) does not hold, then 

n 

u i=i 

where the sum is over all u such that 7^ and u attains minft^,^o(^) w')- 
This equality gives an algebraic relation of ai, .., a„ over C, which is a 
contradiction. 

Example 3.9 (a cylinder on a non-singular variety [4]). Let X be 

a non-singular variety of dimension n and C an irreducible cylinder, 
i.e., C = ijj^^{S) for an irreducible constructiblc set S C X,„. Here, 
ijj^ : — > Xjn is the morphism of truncation. Then the valuation 
vale defined in [4] is divisorial. 

Proof. Let a e C be the generic point, then it is sufficient to prove 
that a is divisorial. Note that a^, — V'm(Q;) is the generic point of 
S. Let the codimension of the center e of a be r. Then, by taking 
a suitable open neighborhood of the center, we may assume that the 
closure of the center is defined by r-functions Xi, . . . ^x^- Let a^^ : 
Ox,e — Kjn[t]/{t™'^^) be the ring homomorphism corresponding to 

am- Then can be extended to a local homomorphism : Ox,e — 
K'[[xi, ... , Xr]] — > Kmitj/it""^^), where K' is the residue field of 6x,e- 
Therefore, a*„ is determined by K' "-^ Km and the images of Xj's. If 

a*mixi) = E'JUaijt^ (aij e K^), a is given by a* : — > K[[t]] 
with the inclusion K' ^ K^, ^ K and the images a*{xi) = J2'jLi CLijV . 
Here, 

K — Km,{0'i,m+lj <^i,m+2, ■ ■ ■ \ 1 — 1, ■ ■ ■ , t) 

and tti^m+i, 0'i,m+2, ■ ■ ■ {i — 1, ■ ■ ■ , r) are algebraically independent over 
Km- Hence, by Corollary 3.7 a is divisorial. □ 

Example 3.10 (divisorial sets in [3], McKay correspondence in [11]). 
Let (i > 1 be an integer and G a finite subgroup of GL„(C) of order 
d. We fix a primitive d-th root of unity C E C Let X be the quotient 
of Ag by the action of G and h : Ag — ^ X the canonical projection. 
The following construction of a subset (X^)[g'] of X^ corresponding 
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to a conjugacy class [g] of G is due to J. Denef and F. Loeser ([3, 2.1]). 
We denote the origin of Ag and its image in X by 0. Let — {X^ \ 
(SingX)oo) n7rx^(0). Let a G be the arc Spccir[[t]] — >XaiidT< 
the algebraic closure of K. We denote the induced arc SpeciTfft]] — > 
X again by a. Then we can lift a to a morphism a making the following 
diagram commutative: 

SpecZllt^/"^]] ^ A£ 

SpecX[[f]] ^ X. 
For an element e G let 

{Xl), = {c^^Xl\m''') = 9o{f'''')}- 

Then g and g' are conjugate if and only if {X^)g = {X^)gi. Hence, we 
can define the subset (X^)[g'] := {X^)g for a conjugacy class [g] in G. 
We have a decomposition 

[g] 

with each (X^)[5f] irreducible. 

We arc going to show that (X^)[5f] is a divisorial set. For g & G 
taking a suitable coordinates system xi, . . . ,Xn of A^, we may assume 
that the matrix g is diagonal and the i-th diagonal coefficient is 
with 1 < Ci < d {i — 1, . . . ,n). Then, we have a homomorphism 

A : C[xi, . . . ^ A^[[t^/% Xi ^ e'l^a^Xi), 

where Spec = {^c)oo and a* : C[xi, ... ,x„] — >loo[M] is the ring 
homomorphism corresponding to the universal arc on Ag. Here, we 
note that 

oo 

i=o 

where {aij}i<i<n,i>o are algebraically independent over C. By restrict- 
ing A to the subring, we obtain a homomorphism A'* : C[xi , . . . , x„] — 
^oo[M] whose restriction also gives a homomorphism 

A*:C[xi,... ,x„]«^Aoo[W]- 

Let K be the quotient field of A^o- Then, the center of A : Spec K[\t]\ — 
X is and A factors through the generic point 7 : SpecC(7)[[t]] — > X 
of (X^)[5f] ([3, 2.3.4]). Therefore, in order to show that 7 is divisorial it 
is sufficient to prove that A is divisorial. By Lemma 3.2, it is also suffi- 
cient to show that A' : Spec i^r[[t]] — > ^c/ io) divisorial. The center 
of A' is in AJ^/ {g) and, for i — 1, xf e CAg/(g),o is mapped to 
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t'''{aio + aiit + ai2t^ + ..)'^ by A'*, where K = C(aio, Oii, 0*2, .. \ i = I, ..,n) 
and algebraically independent over C. By Corollary 3.7 A' is 

divisorial. 

To see the concrete correspondence (X^)[(7] 1— v^, let iV = Z" be 
the lattice for a toric variety Aj^. Then N' = N + ^(ci, .., e„)Z is the 
lattice for a toric variety Al^/{g). If we put v — |(ei, ..,e„) G iV', it 
follows that 

ordt A'*(/) = mm{v,u) 

for a regular function / on Aj^/ {g) . The proof is the same as in Example 
3.8. Therefore the valuation vy is val^i^. Hence, the valuation — v\ is 
the restriction of the toric divisorial valuation val^^ . Consider the case 
G C SL„(C) and dimX = 3. Restricting the map [g] 1— > (X^)[(7] 1— 
ysId^ onto the subset T\ consisting of [gfj's with J2^i = d, we obtain 
the "McKay correspondence" in [11, Theorem 1.6]. 

Corollary 3.11. Let G be a finite abelian subgroup o/GL„(C) acting 
on Ag. Assume that X — A^/G has an isolated singularity. Then, 

#{ essential divisors over X} < ^G — 1 

Proof. Here we also fix a primitive d-th root of unity (, where d = 
As G is abelian, every conjugacy class consists of only one element of G. 
Every element g & G can be written as a diagonal matrix with the i-th 
diagonal coefficient with 1 < ei < d. We write Vg — |(ei, . . . , e^) G 
N', where N' is the lattice for a toric variety X. First we prove that 

{x'J[i]c{xoM 

for some g 1 E G. Since 

[9] 

the irreducible components of X^ are the closures of (X^) [g] 's for some 
g & G. If there is an irreducible component (X^)[5f] with g 1, then 
its generic point is the generic point of ip^^HY^^D^^)) (c.f.. Example 
2.15), therefore is the generic point of Too{vg) by Lemma 2.17. The 
generic point of (X^)[l] belongs to T^{vi) which is contained in the 
closure of T^{vg), because vi > Vg ([9, Proposition 4.8], see Proposition 
4.5 in this paper). If (X03)[l] is only irreducible component of X^, then 
it must be the closure of Too(fi). Hence, Too(fi) D Too{Vg) for g ^ 1 
which is a contradiction to vi >Vg ([9, Proposition 4.8]). 

Now we obtain that the number of irreducible components of X^ 
is less than d. As X has an isolated singularity at the components 
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of are the Nash components. As Nash map is bijcctivc for a toric 
variety ([10]), the number of the essential divisors is less than d. □ 

T. Mizutani [16] proved this corollary by an elementary way and gave 
examples that there are exactly d — 1 essential divisors. 



4. Essential divisors and the arc space of a toric variety 

In this section we summarize the notion of essential divisors and basic 
properties of the arc space of a toric variety. 

When we treat a toric variety, we use the terminologies in 2.16. 

Definition 4.1. Let X be a variety, ip : Xi — > X a proper bira- 
tional morphism from a normal variety Xi and E G Xi an irreducible 
exceptional divisor of ip. Let (p : X2 — > X be another proper bi- 
rational morphism from a normal variety X2. The birational map 
o t/j : Xi — -»• X2 is defined on a (nonempty) open subset of 
E. The closure of {(p^^ o ■0)(-E°) is well defined. It is called the center 
of E on X2. 

We say that E appears in ip (or in X2), if the center of E on X2 is 
also a divisor. In this case the birational map (p~^ o : Xi — -»• X2 
is a local isomorphism at the generic point of E and we denote the 
birational transform of E on X2 again by E. For our purposes E G Xi 
is identified with E G X2. Such an equivalence class is called an 
exceptional divisor over X. 

Definition 4.2. Let X be a variety over C. In this paper, by a reso- 
lution of the singularities of X we mean a proper, birational morphism 
(p : Y — > X with Y non-singular such that Y \ (p~^{SmgX) — ^ 
X \ Sing X is an isomorphism. Here, Sing X is the singular locus of X. 

Definition 4.3. An exceptional divisor E over X is called an essential 
divisor over X if for every resolution ip : Y — > X the center of E on 

Y is an irreducible component of p~^{SingX). 

For a toric variety X, an equivariant essential divisor over X is a 
divisor E over X whose center on every equivariant resolution (p : 

Y — )• X is an irreducible component of (p~^{SmgX). 

About essential divisors, we have the following: 

Proposition 4.4 ([10]). For a toric variety X the notions an essential 
divisor and an equivariant essential divisor coincide. 
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Let a be the cone defining an affine toric variety X and v E a H N. 
Then Dy is essential if and only if v is a minimal element in 

with respect to the order ( v <a v' v' — v & a ). Here, t° means 
the relative interior of t. 

In [9], we introduce a locally closed subset T^oiv) of the arc space 
of an affine toric variety X as follows (see 2.16): 

Too{v) = {a e I a{r]) e T, ordt q;*(x") = {v, u) for u e M}. 

In order to exhibit the space X exphcitly, we denote T'oo('*^) by T^{v). 
The following is obtained in [9] . 

Proposition 4.5 ([9]). Let X he an affine toric variety defined by a 
cone a in N . For v,v' & a H N, the relation v <^ v' holds if and only 

ifmv)^T^{v')- 

Lemma 4.6. Let X he an affine toric variety defined by a cone a in 
N and v,v' elements in a Ci N. Let ip : Y — > X be an equivariant 
proper birational morphism in which and Dyi appear. If v v' , 
then <f{Dy) D ip{Dyt). 

Proof. If w G r°, v' G t'" for faces r, r' < cr, then (p{Dy) = orbr 
and (p{Dyi) ~ orbr'. By the assumption of the lemma, it follows that 
v' — V + v" for some v" G a. As v' G r', v, v" G r'. Hence, r < r', 
which yields the assertion of the lemma. □ 

At the end of this section, we prove a technical lemma which is used 
in the next section. 

Lemma 4.7. Let a = (ei, . . . , e^) be a singular simplicial cone in N . 
Assume that one facet is non-singular, then v = J2^i ^i^i {bi > 1, i = 
1, .., m) is not minimal in S = Ur<o-:singuiarT° n N. 

Proof. We may assume that ci = (1.0,.., 0), 62 = (0, 1, 0, ., 0), .., Cm-i = 
(0, .,0, 1,0), and = (aiC - Ci, - C2, .., a^_ic - c^_i, c), where a^'s 
are integers and < q < c. Here, we note that c > 1, since a is 
singular. Then, v' — ^ei + ^62 + .. + ^^^Cm-i + \em is in S and 

v' <aV. c c c c ^ 

5. THE Nash problem for a pretoric variety 

Definition 5.1. A variety X is called a pretoric variety if 

(1) there are a toric variety Z with the torus T' and a finite mor- 
phism p : X — > Z etale on T', 
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(2) for the normalization v : X — > X, X is a. toric variety with the 
torus T and the composite po v : X — > Z is the equivariant 
quotient morphism by the group N'/N, where N and N' are the 
lattice on which the fans of X and Z are defined, respectively, 
and 

(3) the subset i/~^(SingX) is an invariant closed set on X. 

We will see two typical examples of a pretoric variety. 

5.2 ([6]). When wc say "a toric variety", it means always a normal 
toric variety. Here, wc introduce a not-necessarily normal affine toric 
variety. A not-necessarily normal affine toric variety is of the form 
X-p — SpecC[r], where F C M = is a finitely generated semigroup 
with and F generates the abclian group M. Then, the torus T = 
SpecC[M] acts on Xp. Denote by K(r) C M^, the convex cone which 
is the convex hull of F and by F the intersection K{r) fl M. Then, 
is a normal toric variety and the the inclusion C[F] ^ C[F] induces the 
equivariant normalization X^ — > Xr- 

Example 5.3. A not-necessarily normal toric variety is a pretoric va- 
riety. This is proved as follows: Let X — SpecC[F] be a not-necessarily 
normal toric variety of dimension n and X = SpecC[(T^ fl M] the nor- 
malization of X. Subdivide into simplicial cones without adding any 
1-dimensional cones. Let ti,T2,..,Ts be the n-dimensional simplicial 
cones which are obtained by this subdivision. We can take generators 
e?, .., e'il) of n in F. Define Mi = e]=iZef , then Mj is a subgroup of 
M of finite index. Let M' be the intersection ni=i ^i- Then, M' is a 
subgroup of M of finite index. It follows that cr^ fl M' C F. Indeed, an 
arbitrary element m G cx^ fl M' is contained in fl for some i. Then, 
by the definition of Mj, we have that u = ^2]=! o^j^f' with Oj e Z>o. As 

e^^^'s are in F, it follows that u e F. By this inclusion cr^ n M' C F we 
obtain a finite morphism p : X — > Z — SpecCfcr^ fl M'\. The other 
conditions for a pretoric variety follows immediately. 

The following is an example of a pretoric variety without a toric 
action. 

Example 5.4. Let X be SpecC[x, t/] and X be Spec C[x, ?/^, then 
X is a non-normal toric variety with the normalization v : X — > X. 
Therefore we have a diagram as in Definition 5.1. Let 

Xq be S])ecC[x,y + y'^,y^,y'^], then Xq is a pretoric variety with the 
diagram: X — > Xq — > Z. By the definition, Xq does not admit a 
toric action. 



20 



SHIHOKO ISHII 



Definition 5.5. Let X be an affine pretoric variety and X — ^ X — > 
Z the diagram as in the definition 5.1. Let T and T' be the tori of X 
and Z, respectively. Let X and Z be defined by a cone a in and 
a in iV', respectively. The dual of A^, A^' is denoted by M, M' . For 
vE(jr\N(l(jr\N' the STibscts T^{y) and T^{v) arc defined, since X 
and Z are toric varieties. Here, we define (v) for a pretoric variety 
X as follows: 

T^(v) = {a e Xoo I G p~\T') = v{T), ordta*(a;") = {v,u) ioiu G 

Lemma 5.6. Let X he an affine pretoric variety. Under the same 

notation as in the previous definition, for v E cr (1 N 

(i) the morphism z/qo gives a bijection T^{v) — > T^{v) and 

(ii) the morphism (p o v)^ gives a surjection T^{v) — T^{v). 

Proof. By the definition of Too(t')'s it is clear that the images of these 
morphisms are in the target sets. For the proof of (i), take an arc 
a e T^{v), then a{r]) G z/(T) ~ T and therefore a is lifted uniquely to 
X, as 1/ is proper. For the proof of (ii), take an arc a G T^{v). Then 
a corresponds to a ring homomorphism a* : Cfo"^ fl M'] — > K[[t]]. 
Let K be the algebraic closure of K and denote the composite of a* 
and the canonical inclusion K[[t]] ^ K[[t]] by again a*. Then, by 
Denef and Loeser [3], we obtain the following commutative diagram 
for d = #A^VA^: 

CKnM] ^ K[[t^^'^]] 

U U 
CKnM'] ^ K[[t]]. 

Asv E ar\N C ar\N', it follows that {v, u) is a non-negative integer for 
uea"^ nM. FoTuea'^n M, let a*(a;") = EZo cat''^- By considering 
a*{x'^^) = a*{x^Y, we obtain that = for i ^ Q{mod d), which 
means q;*(x") G This gives the surjectivity of the morphism in 

(ii)- □ 

Lemma 5.7. Let X he an affine pretoric variety. Under the same 
notation as in Definition 5.5, let v,v' & a H N. Then, v v' if and 
onlyifT^DT^iv'). 



Proof. If V <cr v', then by Proposition 4.5 it follows that T^[v) D 
T^{v'). H ence, b y Lemma 5.6, (i), we obtain T^{v) D T^{v'). Con- 
versely, if T^{v) D T^{v'), then by Lemma 5.6, (n), we have that 
T^{v) D T^{v'). Hence, by Proposition 4.5, it follows that v <a v'. □ 
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5.8. Let X be an affine pretoric variety and X — ^ X — ^ Z the 
diagram as in the definition 5.1. Let T and T' be the tori of X and Z, 
respectively. Let X and Z be defined by a cone a in and a in N' , 
respectively. The dual of iV, N' is denoted by M, M' . 

As z/^^(SingX) is an invariant closed set, an irreducible component 
of i/~^(SingX) \ SingX is written by orhTi for some non-singular face 
Tj < (7 (i = 1, .., r). Let be the barycenter of Tj, i.e., is the sum of 
the generators of in A^. 

Let Vj {j = 1, ... s) be the minimal elements of S* = Ur<cr; singular 
N, i.e., D^^ {j = 1, .., s) arc the essential divisors over X (see Proposi- 
tion 4.4). We consider the minimal elements of {e^, Vjy~}{^'^g and obtain 
the following: 

Lemma 5.9. Each {i = 1, ..,r) is minimal among {ei,Vjy~}{'^g with 
respect to the order <„. 

Proof. Let 93 : Y — > X be an equivariant resolution in which D^.^s 
and Dy^s appear. Then, (f{Dei) = orbTi is an irreducible component 

of i/-i(SingA:) \SingX. Therefore, ip{D^.) (f. ^p{D^,) ior k i. On 
the other hand, as ip{D,^.) C SingX, it follows that (p{Df.^) Lp{D^.). 
Hence, by Lemma 4.6, we obtain that Cj {k ^ i) and Vj 

(j = 1, ..,<s). Thus, Cj is minimal. □ 

Lemma 5.10. Let {cj, f (-u; < s) he the set of minimal elements 

in {ei.,VjY^{'^g. Then, there is the inclusion 

{essential divisors over X} C {De.,Dy.y^{''^^. 

Proof. Let D be an essential divisor over X. Let (p : Y — > X be a 
resolution on which D appears, then (p factors through the normaliza- 
tion: 

Y^UX^X. 

Here, we may assume that ip is an equivariant morphism. Then, we 
can put D — D-t, for some v E a D N. As (p{Dy) C SingX, we have 
V'(-D^) C SingX or ip{D^) C orbTi. 

Case 1. ^{Dy) ^ SingX and i^iD^) C orbTi. 

In this case we show that ip{Dy) = orbTi and v = Cj. Let ip{Dy) = 
orlrf, then 7 is a non-singular face of a such that < 7. Let ipo : 
Yq — > X be an equivariant resolution of X. As ipQ is isomorphic 
away from SingX, orby, orbTi are still on Yq. Then, take the blow up 
-01 : Yi — > Yq with the center orbTi, then Yi is again non-singular. 
Here, ipi corresponds to the star-shaped subdivision Ei of the fan Eq 
of lo by Ci. Take a cone 7' in Ei such that v e 7'°. Here, we note that 
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(cj) < 7', because, v is in the relative interior of 7 and the subdivision 
is star shaped with the center e 7. Thus, the center of Dy on Yi is 
orlrf' which is contained in Dg.. Therefore, the center of Dy can be a 
component of (z/o^o° V'i)~^(SingX) only if or 67' — D^., in which case 
7' = (cj). This implies w = e^. 
Case 2. C SingX. 

In this case, we prove that v — Vj {j — 1, ..,w). First, Dy must be 

an essential divisor over X. Because, if Dy is not an essential divisor 
over X, there is a resolution ip' : Y' — > X such that the center of Dy 
on Y' is not an irreducible component of t/^'^^ (SingX). Therefore the 
center of Dy cannot be an irreducible component of (i/o'^')"^ (SingX). 
Now, for the lemma, it is sufficient to prove that Dy. {j > w) is not 
an essential divisor over X. For this, we construct an equivariant bi- 
rational morphism tjj" : Y" — > X such that o ijj" is a resolution 
of X and the center of Dy. on Y" is not an irreducible component of 



such that <cr Vj. Then, there is an element G c fl X such that 
Vj = Cj + e[. Here, is in the relative interior of a non-singular face 
T of a. This is proved as follows: As vj e 5" (see, 5.8), vj G 7° for 
some singular face 7 < a. If is in the relative interior of 7 or e[ is in 
the relative interior of a singular face of 7, then it contradicts to the 
minimality of vj in S. 

Let T = (/i, .., fm)- Consider the cone S = (e^, /i, .., /^). If 5 is singu- 
lar, then, by Lemma 4.7, Vj is not minimal in S' — UT'<5:singuiar 
therefore by [10, Lemma 3.15], we have a non-singular subdivision A 
of S in which (vj) does not appear as a one-dimensional cone and ev- 
ery non-singular face of 6 does not change. Here, A is obtained by 
successive star-shaped subdivision by centers Ai, . . . , A/. 

Now, we construct a subdivision of a. 

Step 1. Take the star-shaped subdivision Si of a by Cj. Here, the 
cone S appears in Ei. Note that the morphism corresponding to this 
subdivision is isomorphic outside of orbTi. 

Step 2. If El is simphcial, then put E2 = Ei. If Ei is not simphcial, 
then take a one-dimensional face (A) of a minimal dimensional non- 
simplicial cone and make the star-shaped subdivision of Si by A. Then, 
simphcial cones in Si do not change. Continuing this procedure, we 
obtain a simphcial subdivision E2. 

Step 3. If S is non-singular, then put S3 = S2. If (5 is singular, 
take the successive star-shaped subdivisions S3 of S2 with the centers 
Ai, . . . , A;. Then, the cone 6 in S2 is replaced by the fan A. Note that 




'3Sj=l,.,sy 



there is an element Cj 
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this subdivision does not change non-singular cones of S2, therefore 
the morphism corresponding to this subdivision is isomorphic outside 
of the singularities. 

Step 4. If S3 is singular, take a cone A = {pi, . . . ,pt) G S2 
with the maximal multiplicity. The multiplicity is volP^; where Px = 
{J2i=i CiPi I < Cj < 1}. Since volPx > 1, there is a non-zero element 
n' e P\ n N. Take the star-shaped subdivision with the center n'. 
Then, the multiplicities of new cones on A become less than A and all 
non-singular cones of E3 are unchanged. Continuing this procedure, 
we finally obtain a non-singular subdivision E4. 

This subdivision E4 gives a birational morphism ijj" : Y" — ^ X 
which is isomorphic outside of or 6Tj U Sing X. Therefore vo'^" : Y" — > 
X is a resolution of singularities of X. As (vj) does not appear in E4 as 
a cone, the center of D^^ on Y" is contained in or some exceptional 
divisor D on Y". Thus, Dy. {j > w) is not an essential divisor over 
X. ' □ 

Theorem 5.11. Let X be an affine pretoric variety. Then the Nash 
map 

H : {Nash components in 7r^^(SingX)} — > {essential divisors over X} 
is bijective. 

Proof. Let (p : Y — > X be a resolution in which {i = 1, ..,r) and 
Dy. {j — 1, .,w) appear. By Lemma 5.10, an essential divisor over X 
is {i = or D^^ (j = l,.,w). Then, by the discussion in 

Example 2.15, the union of the Nash components is 



i=l 



By Lemma 2.17 and Lemma 5.6, it follows that 



^^7ry\D,^)^T^(ei) 



V 



Here, each closed set does not contain any other set by Lemma 5.7, 



because each element of {ej, is minimal among them. Hence, 

the number of the Nash components is r + -u;, while the number of the 
essential divisors is less than or equal to r + tu by Lemma 5.10. Since 
the Nash map is injective, the both numbers must be r -|- w and the 
Nash map is bijective. □ 

Corollary 5.12. If X is a non-normal toric variety, then the Nash 
map for X is bijective. 
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For a general non-normal variety, we have a counter example to the 
Nash problem. It is obtained from the counter example in [10] . 

Example 5.13. Let X be a non- normal variety with the normalization 

V : X — ^ X such that X is the hypersurface of defined by x\ + 

= 0. Then the Nash problem is negative for X. 
Indeed, let ■(/'i • — ^ ^ be the blow-up at 0, then Y\ has an 
isolated singularity P. Then, let '4)2 '■ ^2 — ^ ^1 be the blow-up at P. 
Let £Ji C ^2 be the proper transform of the exceptional divisor of ■^i 
and E2 the exceptional divisor of ■02- In [10, §4] we proved that is 
not ruled and 

Therefore, it follows that £'2 is an essential divisor over X and 

(i^V'lV'2)cx>(7ry,^(^2)) C (l/VlV'2)oo(7ry/(£;i)), 

which shows that there is no Nash component corresponding to E^ (see 
2.15) 

To construct such an example concretely, we can define X as fol- 
lows: Let ei,..,e5 be a basis of M = and F the subsemigroup 
of M generated by ei, .., 64, 2e5, Seg. Then, the canonical morphism 

V : — > SpecC[F] induced from the injection F ^ ©f=iZ>oei is the 
normalization of a non-normal toric variety SpecC[F]. It is sufficient 
to let X be the image i^{X). 
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